Abstract. We prove that the composition of two indestructible Blaschke products is again an indestructible Blaschke product. We also show that if an indestructible Blaschke product is the composition of two bounded analytic functions, then both functions are indestructible Blaschke products.
Introduction and results

Let
satisfies £´ µ ½ for a.e. ¾ . We refer to [17] for a proof of the fact that the set of inner functions is a semigroup and to [18] for more about the structure of this semigroup.
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Date: May 11, 2014 On the other hand, the set of all Blaschke products [8, 16] . Clearly, every finite Blaschke product is indestructible, but there are also numerous examples of infinite indestructible Blaschke products (see [16, Chapter 5] and Remark 1.4 below). Indestructible Blaschke products do have a number of intriguing properties, some of which are described e.g. in [8, 16] .
Our first result shows that the set of all indestructible Blaschke products forms a composition semigroup.
Theorem 1.1 (Composition of indestructible Blaschke products)
The composition of two indestructible Blaschke products is an indestructible Blaschke product.
Knowing that
AE is an indestructible Blaschke product if both and are indestructible, the second result of this paper deals with the "inverse" problem. [14, 15] for recent developments). For inner functions the concept is due to Stephenson [13] (see also [11, 12] ) and has been further explored e.g. by Gorkin, Laroco, Mortini and Rupp [18] .
Remark 1.4 (Maximal Blaschke products)
A result intimately connected to Theorem 1.1 has recently been proved in [6] , see also [5] . There, so-called maximal Blaschke products have been studied. Maximal Blaschke products are characterized by an extremal property and constitute an appropriate generalization of the class of finite Blaschke products. They are defined as follows. Let ¾ À ½ be a nonconstant function, let every finite Blaschke product is maximal and every maximal Blaschke product is indestructible, so maximal Blaschke products provide a large collection of examples of indestructible Blaschke products. Maximal Blaschke products do have a number of striking properties reminiscent of finite Blaschke products and Bergman space inner functions and they are intimately connected to hyperbolic geometry, see [4, 5, 6] . From the point of view of the present paper, the perhaps most interesting property is the fact that the set of maximal Blaschke products is closed under composition, see [6 All but possibly one of these inclusions are strict: We do not know whether there exists an indestructible Blaschke product which is not a maximal Blaschke product.
Pioneering work on indestructible Blaschke products can be found in the papers by Heins [2, 3] , McLaughlin [8] and Morse [9] . We also refer to the excellent survey on indestructible Blaschke products by Ross [16] and to the Fields Institute Proceedings [7] for a collection of surveys and research articles on Blaschke products and inner functions in general. 
The statement of Lemma 2.1 in [8] and [16] is slightly weaker, since both sources assume that is a Blaschke product. In fact, the proofs in [8, 16] reveal that it is sufficient to assume that is an inner function. This simple observation will be crucial in the proof of Theorem 1.1 given below. As ´¼µ , this implies in particular,
Since is indestructible, Lemma 2.1 therefore shows that
We now consider the equation ´Þµ
. Let Þ ¾ such that ´Þµ . This is equivalent to ´ ´Þµµ , which is the same as
Inserting this expression into (2.5) leads to
Hence we have verified that condition (2.1) holds for .
Let us turn to Case II, so assume ´¼µ. Now, we need to distinguish two subcases We now use the assumption that is indestructible. Lemma 2.1 shows that
Inserting these last two expressions into (2.6), we arrive at
Now, let us find the non-zero solutions to ´Þµ , i.e., the points Þ ´ µ, In summary, we have shown that conditions (2.1) and (2.2) are satisfied for . Lemma 2.1 therefore guarantees that is an indestructible Blaschke product. The proof of Theorem 1.1 is complete. 
